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Abstract

The present paper examines the basic tenets upon which widely-used two-equation (k±�) turbulence models are based. It is argued

that there exists a weakness at the core of this group of models, namely in the assumed stress/rate-of-strain constitutive equation.

These remarks apply to both the `high-Reynolds-number' parent model and to `low-Reynolds-number' variants of the formulation.

Dimensional considerations and the work of Lee et al. (Proceedings of the Sixth Symposium on Turbulent Shear Flows, 1987; J.

Fluid Mech. 216 (1990) 561±583) support the contention that the constitutive relation should take account of the ratio of turbulence

to mean strain timescales. In an extension of this approach, following Townsend (J. Fluid Mech. 41 (1970) 13±46) and Maxey (J.

Fluid Mech. 124 (1982) 261±282), the concept of e�ective total strain is introduced. A `strain parameter', S, is then de®ned as the

subject of a third transport equation and a new turbulence model damping function is made to depend principally upon S. The mod-

el is compared with data for homogeneous ¯ow transients, steady fully-developed channel ¯ow, and mixed convection

¯ows. Ó 1998 Elsevier Science Inc. All rights reserved.
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Other symbols are de®ned in the text.

1. Introduction

The desire to have available relatively simple means of com-
puting practically-important turbulent ¯ows has provided an
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Notation

a,b,c constants
cp speci®c heat capacity at constant pressure
C�1, C�2 constants in �-equation
Cl constant in constitutive equation
D pipe diameter
F1, F2 functions
g acceleration due to gravity
Gr Grashof number, bg _qD4=km2

H channel half-width
Nu Nusselt number, _qD=k hw ÿ hb� �
p pressure
Pr Prandtl number, cpl/k
_q wall heat ¯ux
Re Reynolds number, 2UbH/m or UbD/m.
Ret turbulent Reynolds number
t time
U,V mean velocities in x-, y-directions
u,v ¯uctuating velocities in x-, y-directions
Ui, ui mean, ¯uctuating velocity components in Cartesian

tensors
Us friction velocity, (sw/q)1=2

x streamwise coordinate
y cross-stream (wall normal) coordinate
y� yUs/m

Greek
b coe�cient of volumetric expansion
dij Kronecker delta
~� modi®ed dissipation variable, ~� � �ÿ D�

h absolute temperature
k thermal conductivity
l dynamic viscosity
m kinematic viscosity, l/q
q density
rk , r� turbulent Prandtl number for di�usion of k,�
s shear stress

Subscripts
b bulk
t turbulent
w wall

Superscript
� time-average (steady ¯ows) or ensemble-average

(unsteady ¯ows)
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impetus for the sustained development and application of tur-
bulence models. Current practice to devise averaged turbu-
lence models of a closed mathematical form is based almost
entirely on two strategies, both of which were ®rst formulated
in detail some 20 years ago: (i) k±� turbulent viscosity models
in which transport equations are solved for the turbulent kinet-
ic energy, k and its rate of dissipation, �, and (ii) Reynolds
stress transport models in which modelled equations for the in-
dividual stress components are solved in conjunction with the
�-equation. The former, less complex, group of models have
found particularly widespread application and the present
study examines the fundamentals of k±� modelling and ad-
vances a formulation of a k±�±strain parameter model.

A group which is key to the present work is the dimension-
less strain rate, (k/�)oU/oy (which, as discussed below, may
also be considered either as a timescale ratio or as a total
strain): in particular it appears that the variation of the group
across the bu�er layer (5 < y� < 60) of wall-bounded ¯ows
may be closely associated with the correct distribution of a
`damping function' (or modi®er of the k±� model Cl constant).
The strongest evidence in support of the role of the dimension-
less strain rate is supplied by the Direct Numerical Simulation
(DNS) studies of Lee et al. (1987, 1990) who related the group
to the characterization of both instantaneous ¯ow realizations
and structural statistics (ratios such as ÿuv=k) of turbulence.
Lee et al. demonstrated that similar ¯ow features arise in ho-
mogeneous shear ¯ows and regions of steady wall-bounded
¯ows under conditions where values of the dimensionless
strain rate are approximately matched. The results of dimen-
sional analysis lend further support to the argument that
(k/�)oU/oy is a critical local parameter in relation to wall-
bounded ¯ows. Now, (k/�)oU/oy is the total strain arising from
the application of the mean ¯ow strain rate, oU/oy over the
timescale of large-scale turbulence, k/�. At times short in rela-
tion to the large-scale timescale, the results of Rapid Distor-
tion Theory (RDT) indicate that structural statistics of
turbulence depend upon the actual total strain, táoU/oy.
(RDT is based upon a linearization of the Navier±Stokes equa-
tions and is formally valid where strain rates are high or
elapsed distortion times short; reviews of RDT are provided
by Hunt, 1978, Savill, 1987, Hunt and Carruthers, 1990.) Max-
ey (1982), following the earlier work of Townsend (1970), ad-
vanced an ad hoc equation for e�ective total strain, aeff . The
physical signi®cance of the aeff -equation lies in the values it re-
turns at the asymptotic limits of short and long distortion
times: in terms of the present modelling parameters, aeff ap-
proximates to táoU/oy at short times (t/(k/�) � 1); at longer
times aeff is truncated on (k/�)oU/oy. Maxey coupled the e�ec-
tive total strain equation with a relation for ÿuv=k in terms of
aeff . Thus, over short elapsed times, the structural ratio de-
pends only on total strain; at longer times the ratio is a func-
tion of (k/�)oU/oy. It follows that the approach is in
accordance with RDT and also encompasses the dependence
identi®ed by Lee et al. under longer-time conditions.

The concept of e�ective total strain is developed below to
obtain an equation for a strain parameter, here denoted S.
The strain parameter is made the independent variable of a
damping function fS(S) such that the Reynolds stress may be
determined within the framework of a conventional engineer-
ing turbulence model: ÿuv � ClfS�S��k2=��oU=oy. Clearly, un-
der conditions where fS(S)� 1 the constitutive equation of the
standard k±� model is recovered.

2. Model development

The present section commences with a brief review of estab-
lished practice in the computation of turbulent ¯ows using

two-equation turbulent viscosity closures (Section 2.1). The
timescales of large-scale turbulence and of mean ¯ow straining
are considered in Section 2.2 and reference is made to the ob-
servations of Lee et al. (1987, 1990). The e�ective total strain
equations of Townsend (1970) and Maxey (1982) are then con-
sidered and the present strain parameter equation is developed.
Finally, Section 2.3 details the 3-equation strain parameter
turbulence model for application to ¯ows with a single (or
principal) strain rate, oU/oy.

2.1. Current practice in turbulent viscosity modelling

Turbulent viscosity models relate the Reynolds stress ÿuv
to the mean strain ®eld by employing a constitutive equation:

ÿ uv � mt

oU
oy

: �1�
A number of researchers (see for example Speziale, 1987

and Craft et al., 1996) have made proposals to extend
Eq. (1) to include non-linear constructions of the strain rate
and vorticity tensors. Non-linear constitutive equations are de-
signed to increase the range of reliable application of turbulent
viscosity models, but recover Eq. (1) for the determination of
the ÿuv stress component in parallel ¯ows. Current attention
is directed towards the speci®cation of mt in Eq. (1), but the
possibility of subsequent extension to more general ¯ows is
noted.

The models employing Eq. (1) fall principally into catego-
ries of prescribed eddy di�usivity, mixing length, and one- and
two-equation transport models (see Launder and Spalding,
1972). Of those, however, it is only members of the latter group
that are widely perceived to a�ord a realistic possibility of re-
solving some `non-universal' ¯ow features (such as departures
from the `law of the wall'). The turbulent kinetic energy and its
rate of dissipation are most commonly selected as the subjects
of the two scale-determining transport equations. The stan-
dard `high-Reynolds-number' k±� model is presented by Laun-
der and Spalding (1974): turbulent viscosity appearing in
Eq. (1) is expressed as

mt � Cl
k2

�
: �2�

Substitution of Eq. (2) in Eq. (1) shows that a linear rela-
tionship between ÿuv=k and (k/�)oU/oy is e�ectively postulated
in k±� models:

ÿ uv
k
� Cl

k
�

oU
oy

: �3�
In fact, the straight line of Eq. (3) passes through a single

experimentally justi®ed point, ��k=��oU=oy; ÿuv=k� �
��0:3�ÿ1

; 0:3�: These values characterize the logarithmic region
of thin shear ¯ows where k production and dissipation rates
are approximately balanced and, given the linear relationship
above, determine the value of Cl (Cl� 0.09).

Eqs. (1) and (2) do not correctly reproduce the observed
diminution of Reynolds stress as a wall is approached and in
`low-Reynolds-number' k±� models a multiplier f, termed a
damping function, is introduced to the right of Eq. (2). Jones
and Launder (1972) proposed the ®rst such model and speci-
®ed f� fl (Ret); a revised version of the model due to Launder
and Sharma (1974), generally denoted `LS' below, has been
widely applied and is frequently employed as a benchmark
against which other two-equation formulations are compared
(the LS model is used here for purposes of comparison in Sec-
tion 3). The level of activity in the development of alternative
closures is demonstrated by the papers of Patel et al. (1985),
Betts and Dafa'Alla (1986), Savill (1993), Cotton and Kirwin
(1993), and Jackson and He (1995) who, amongst others,
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review and assess a range of two-equation models. The consen-
sus to be derived from these comparative studies is that the LS
model is the most accurate of those tested, although even that
model does not exhibit a high degree of quantitative accuracy
in a number of applications. Many of the models examined in
the studies above use non-local parameters, such as y� or yk1=2/
m, as the argument of the damping function. Use of a non-di-
mensionalized wall distance parameter carries with it an im-
plicit assumption of `universality' (Reynolds number
independence when quantities are considered in `+' variables)
and is therefore an intrinsically limited modelling strategy.
However, despite the fundamental advantages o�ered by local
Ret-based models, undue reliance is placed upon the turbulent
Reynolds number in order to achieve the required level of
damping in regions where viscosity would not be expected to
a parameter. This apparent failure to re¯ect the real mecha-
nisms governing near-wall turbulence has been suspected for
some time (Launder's, 1986), nonetheless alternative ap-
proaches have been slow to appear.

2.2. Flow timescales and e�ective total strain

Taken in overview, modelling at the k±� level seeks to ex-
press the unknown Reynolds stress in terms of the scalar vari-
ables and the mean strain ®eld:

ÿ uv � F1 k; �; oU=oy� �: �4�
Viscous e�ects are here taken to be negligible, and attention

is again restricted to the determination of the ÿuv stress com-
ponent in the presence of a single steep velocity gradient. Di-
mensional analysis applied to Eq. (4) indicates that two
independent dimensionless groups exist:

ÿ uv
k
� F2

k
�

oU
oy

� �
: �5�

It is seen that the generally-adopted constitutive equation,
Eq. (3), is a special case of Eq. (5). In the more familiar nota-
tion of turbulence modelling, the Reynolds stress appearing in
Eq. (5) may be expressed as

ÿ uv � Cl f
k
�

@U
@y

� �
k2

�

oU
oy

: �6�

k/� represents the timescale of large-scale turbulence and (oU/
oy)ÿ1 is the timescale of straining by the mean ®eld. f appearing
in Eq. (6) assumes the role of a damping function which is de-
pendent upon the timescale ratio. Lee et al. (1987, 1990) ob-
tained the pro®le of (k/�)oU/oy against y� from the DNS
channel ¯ow data of Kim et al. (1987). It was found that the
group rose from zero at the wall to a pronounced maximum
of approximately 17.5 at y� . 10; beyond that location (k/
�)oU/oy decreased to approximately 3 (or Cl

ÿ1=2, cf. Sec-
tion 2.1) at the edge of the bu�er layer and maintained that
value across the logarithmic region. Thus, in relation to
Eq. (6), it is seen that there exists a striking coincidence be-
tween the location of the near-wall excursion of the (k/�)oU/
oy pro®le and the region where the damping function is oper-
ative. In an early exploratory study the present authors (Cot-
ton and Ismael, 1993) developed a k±� model incorporating a
damping function of the form indicated by Eq. (6): although
some initially encouraging results were obtained, it was neces-
sary to multiply the function f [(k/�)oU/oy] by a viscous dam-
ping function fl(Ret) of approximately the same magnitude.

Now, as indicated earlier, the timescale ratio (k/�)oU/oy
may be viewed alternatively as the total strain corresponding
to distortion over the large-scale turbulence timescale. RDT
is concerned with distortions over shorter times which led
Maxey (1982) to re®ne a proposal of Townsend (1970) for

an equation describing total e�ective strain, aeff . Hence, for ho-
mogeneous ¯ow:

oaeff

ot
� oU

oy
ÿ aeff

TD
; �7�

where TD is a timescale associated with large-scale turbulence.
It is instructive to examine the behaviour of Eq. (7) for the
simple case where both TD and oU/oy are assumed to be con-
stant: taking the initial condition aeff � 0 at t� 0, the solution
of the equation is seen to be

aeff � TD
oU
oy

1ÿ exp ÿ t=TD� �� �: �8�
At times short by comparison with the turbulence distor-

tion timescale, t � TD, a Taylor series expansion shows aeff

to be equal to the total strain táoU/oy; at longer times, t � TD,
aeff asymptotes to TDáoU/oy. Further insight into the properties
of Eq. (7) may be gained if the constraint of temporally con-
stant oU/oy is removed. Thus, with oU/oy a function of time,
the solution of Eq. (7) is obtained as a convolution integral:

aeff �
Zt

0

exp
sÿ t
TD

� �
oU
oy
�s� ds: �9�

Eq. (9) succinctly illustrates the quality of receding, or
weighted, `memory' possessed by the Townsend/Maxey aeff

variable. At the present time, s� t, the integrand is simply
oU/oy(t); at progressively earlier times the exponential term
acts to multiply the velocity gradient by an ever-smaller factor.

Maxey (1978, 1982) proceeded to construct a turbulence
model consisting of an algebraic relation between ÿuv=k and
aeff which was combined with aeff - and k-equations together
with a prescribed mixing length. The formulation is unconven-
tional in terms of the familiar engineering turbulence models
discussed in Section 2.1: since ÿuv is not linked explicitly to
oU/oy the model does not employ a turbulent viscosity (at least
not in the straightforward manner indicated in Eq. (1)). In lim-
ited tests the model was applied to oscillatory channel ¯ow and
some qualitative comparisons with experimental data were re-
ported. Mankbadi and Liu (1992) adopted Maxey's proposals
in order to devise a second model, also for the calculation of
periodically-oscillated wall-bounded ¯ows. A triple decompo-
sition of ¯ow variables into mean (long-time-averaged), peri-
odic, and turbulent quantities preceded the development of a
closure for the periodic components (experimental data were
used to prescribe all mean ¯ow pro®les). The model was in-
tended for application to the high frequency, or `quasi-lami-
nar' (Finnicum and Hanratty, 1988), regime where the outer
¯ow `freezes' and the periodic variation is restricted to an in-
creasingly narrow near-wall region as non-dimensionalized fre-
quency is increased. Mankbadi and Liu's model relies upon a
large number of simplifying assumptions, however, reasonable
agreement with data was demonstrated for the intended range
of application. Re®nements of the model are presented by
Brereton and Mankbadi (1993, 1995).

2.3. A strain parameter model

The original proposal of Townsend (1970) for an e�ective
total strain equation incorporated advective and di�usive
terms (but no destruction term). If, following Maxey, a sink
term is included in order that the equation will retain the relax-
ation features discussed above, there follows an extension of
Eq. (7) for application to inhomogeneous ¯ows:

Daeff

Dt
� oU

oy
� o

oy
mt

ra

oaeff

oy

� �
ÿ aeff

TD

; �10�
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where ra is a turbulent Prandtl number for the di�usion of aeff .
Examination of Eq. (10) reveals that, in common with Eq. (7),
it lacks a valid tensorial character (aeff is a scalar, whereas oU/
oy is an element of a second rank tensor). It is taken as axiom-
atic in the development of modern turbulence closures that the
only `permissible' equations are those which conform to the
constraints of tensor algebra (and hence are coordinate-inde-
pendent; see Speziale, 1987, for example). Now, although pres-
ent model applications are restricted to ¯ows in simple shear,
the complete model speci®cation is to be developed from an ex-
pression of correct tensorial construction. Hence, replacing
Eq. (10) let us write

DS
Dt
� TD 2Rij Rij

ÿ �� o
oxj

mt

rs

oS
oxj

� �
ÿ S

TD
: �11�

S is termed a `strain parameter', Rij is the strain rate tensor,
Rij � 1

2
�oUi=oxj � oUj=oxi�, and rs is a turbulent Prandtl num-

ber for di�usion of S. Note that the source term is speci®ed as
TD(2RijRij), in preference to (2RijRij)

1=2 which would follow
more directly from Eq. (10): the adoption of the former ex-
pression was guided by a preliminary study in which it was
found that the e�ective use of |oU/oy| implied by the second
form could give rise to unphysical ¯ow pro®les. The more fun-
damental decision to select the strain rate tensor is considered
further below. In application to homogeneous ¯ows the S-
equation reduces to

oS
ot
� TD

oU
oy

� �2

ÿ S
TD
: �12�

The behaviour of Eq. (12) may be compared with that of
Eq. (7): if TD and oU/oy are taken to be constant and the initial
condition is S� 0 at t� 0, the solution of the equation (cf.
Eq. (8)) is obtained as

S � TD
oU
oy

� �2

1ÿ exp ÿ t=TD� �� �: �13�

The short-time (t � TD) and long-time (t � TD) approxima-
tions to Eq. (13) are respectively

S � t
oU
oy

� �
TD
@U
oy

� �
�14�

and

S � TD
oU
oy

� �2

: �15�

Eq. (14) shows S to be a form of modi®ed total strain in which
the total strain táoU/oy is multiplied by the group TDáoU/oy.
The long-time asymptote, Eq. (15), gives S simply as the
square of total strain truncated on TD.

Observing that the leading term on the right of Eq. (11) re-
duces to TD(oU/oy)2 for any ¯ow in simple shear, the speci®ca-
tion of the square of the strain rate tensor is seen to be
arbitrary. In other words, constructions involving the vorticity
tensor, Xij � 1

2
�oUi=oxj ÿ oUj=oxi�, such as XijXij , XijRij, or

some other form might equally be selected. The ®nal choice
within the ad hoc framework pursued here must largely be de-
termined by optimization against data for complex ¯ows. (It is
interesting to note the recent appearance in the literature of
two related, but independent, works adopting similarly
ad hoc approaches: Lumley et al. (1996), in relation to dissipa-
tion rate modelling, consider an equation for an inverse time-
scale where the source term is of the form (RijRij)

1=2; Spalart
and Allmaras (1994) devise an equation for the transport of
turbulent viscosity and employ (XijXij)

1=2.)
It now remains to complete the speci®cation of a closed

k±�±S turbulent viscosity model. The present study has focused
essentially upon the constitutive equation and the S-transport

equation; the remaining model elements have been taken al-
most directly from the Launder and Sharma (1974) k±� clo-
sure. Retaining the most general form of the model
expressed in Cartesian tensor notation, the full equation set
reads

ÿ uiuj � mt

oUi

oxj
� oUj

oxi

� �
ÿ 2

3
dijk; �16�

mt � Clfl�Ret�fS�S� k2

~�
; �17�

fS�S� � 2:88

1� 0:165S
1ÿ 0:55 exp ÿ 0:135S

ÿ�ÿ
�0:0015S3

���
; �18�

fl�Ret� � 1ÿ 0:3 exp ÿ 0:02 Ret� �; Ret � k2

m~�
; �19�

Dk
Dt
� mt

oUi

oxj
� oUj

oxj

� �
oUi

oxj
� o

oxj
m� mt

rk

� �
ok
oxj

� �
ÿ ~�� D�

� �
; �20�

where

D� � 2m ok1=2=oxj

ÿ �2
;

D~�

Dt
� C�1

~�

k
mt

oUi

oxj
� oUj

oxi

� �
oUi

oxj
� o

oxj
m� mt

r�

� �
o~�

oxj

 !

ÿ C�2

~�2

k
� 0:9 m mt

o2Uj

oxkoxl

� �2

; �21�

DS
Dt
� 1

2

k
~�

oUi

oxj
� oUj

oxi

� �2

� o
oxj

mt

rS

oS
oxj

� �
ÿ S
�k=~�� ; �22�

where

Cl � 0:09; rk � 1:0; r� � 1:21; rS � 6:0;

C�1 � 1:44; C�2 � 1:92:

The constitutive relation, Eq. (16), is of the standard form
in the sense that the prescription of the Reynolds stress in re-
lation to the mean strain rate includes only linear velocity gra-
dient elements. (Non-linearities do arise from the damping
function which acts upon the local strain parameter.)

Support for the form of the leading term in the expression
for fS(S), Eq. (18), is supplied from two di�erent sources in re-
lation to `long-time' conditions (i.e. where Eq. (15) applies and
TD � k/�, discussed further below). Firstly we might follow
Launder's (1986) analysis of Reynolds stress transport models.
Launder showed that in the absence of convection and di�u-
sion, the Reynolds stress model of Gibson and Launder
(1978) applied to fully-developed wall-bounded ¯ow yields
ÿuv � c v2=k

ÿ ��k2=��oU=oy. If the analysis is extended to elim-
inate v2=k using the equations of the Reynolds stress model
then we obtain ÿuv � a=�1� bS�� � �k2=��oU=oy in accordance
with Eqs. (16)±(18). The second strand of support comes from
the work of Hunt and Maxey (1978) who advanced a corre-
sponding form based upon homogeneous ¯ow calculations
(see also Mankbadi and Liu, 1992). The exponential multiplier
in Eq. (18) acts to limit values of fS at low S. The complete ex-
pression for fS gives fS � 1.0 at S�Cÿ1

l . Thus, under such equi-
librium conditions and at su�ciently high Ret, the standard
high-Reynolds-number expression for mt (Eq. (2)) is recovered
from Eq. (17).

Turning next to the speci®cation of fl(Ret), it is to be re-
called from the discussion of Section 2.1 that such a viscous
damping function should ideally be restricted to regions of
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low turbulent Reynolds number. This requirement is, in fact,
met by Eq. (19): for example fl� 0.9 at Ret� 50 (correspond-
ing to y� . 7 in a wall-bounded ¯ow). It should be noted that,
following the LS model, � is replaced by ~� in the de®nition of
Ret and throughout the present model.

In relation to the transport equations of the model, it is ®rst
seen that the k-equation, Eq. (20), is completely unaltered
from the form adopted in the LS model. The �-equation is
re-tuned in three respects: the turbulent Prandtl number for
�-di�usion is set to 1.21 (r� � 1.3 in the LS model), no function
is included in the third term on the right of Eq. (21) (in the LS
model C�2 is multiplied by f2 � 1ÿ 0:3 exp�ÿRet

2�), and the
coe�cient of ®nal term is taken as 0.9 (2.0 in the LS model).
In the equation for the strain parameter TD is set equal to
the large-scale turbulence timescale, k/~� (compare Eq. (22)
with Eq. (11)). Viscous di�usion is omitted from the S-equa-
tion: the strain parameter is not a dynamical quantity and
there is no analogy with the molecular transport of momentum
that gives rise to the viscous terms of the Navier±Stokes equa-
tions. The large value of rS was selected in order to limit the
in¯uence of turbulent di�usion in the S-equation.

Some further aspects of the strain parameter model, and in
particular its relationship to Rapid Distortion Theory, are dis-
cussed at greater length in a report by the present authors
(Cotton and Ismael, 1996).

3. Results

Results are presented below for unsteady homogeneous
¯ows, steady fully-developed channel ¯ow, and mixed convec-
tion pipe ¯ows. The model constants and functions detailed in
Section 2.3 were assigned by reference to the wall-bounded
¯ows, subsequent examination against data for homogeneous
shear ¯ows being undertaken in a completely `unseen' trial.
In the present section, however, results are presented ®rst for
homogeneous ¯ows in view of their relative simplicity and also
because of their direct correspondence to the discussion above.

3.1. Homogeneous ¯ow results

In a homogeneous ¯ow single point ensemble averages are
uniform in space and therefore advective and di�usive terms
are absent from the ensemble-averaged governing equations.
If a constant and uniform strain rate, oU/oy is applied at
t� 0, Eqs. (16), (20)±(22) for the determination of the Rey-
nolds stress, ÿuv, turbulent kinetic energy, dissipation rate,
and strain parameter read

ÿ uv � mt

oU
oy

; �23�

ok
ot
� ÿuv

oU
oy
ÿ �; �24�

o�
ot
� C�1

�

k
ÿ uv� � oU

oy
ÿ C�2

�2

k
; �25�

oS
ot
� k
�

oU
oy

� �2

ÿ S
�k=�� : �26�

Note that � and ~� are identical and that the ®nal term of
Eq. (21) is omitted in writing Eq. (25). mt is determined from
Eqs. (17)±(19). Numerical solution of the (non-dimensionali-
zed) turbulence model equations is obtained using the
Runge±Kutta procedures of the `MATLAB' software package.

Comparison is made ®rst with the windtunnel measure-
ments of Tavoularis and Corrsin (1981). The windtunnel was

divided into a series of channels of varying ¯ow resistance in
order to obtain a uniform strain rate. An array of rods down-
stream of the channels was used to generate turbulence which
developed with approximately homogeneous properties in
planes normal to the direction of ¯ow. The spatial develop-
ment of the ¯ow in the streamwise direction therefore corre-
sponds to the temporal development of a `true'
homogeneous ¯ow. In Eqs. (24)±(26) the di�erential operator
o/ot is replaced by Uco/ox, where Uc is the mean ¯ow velocity
at the mid-section of the windtunnel. Dimensionless time, t�, is
de®ned as t� � (x/Uc) oU/oy, and results are shown below for
t�P 8.6 (from which time Tavoularis and Corrsin present tab-
ulated data). The measured dimensionless strain rate of these
experiments, (k/�) oU/oy, shows a small variation from 6.5 to
6.1 over the length of the test section.

The experiments of Tavoularis and Corrsin were conducted
at high Reynolds number, Ret J 2000 , and therefore fl(Ret)
is set to unity in Eq. (17). In consequence, the only di�erences
between the present model and the standard high-Reynolds-
number k±� model of Launder and Spalding (1974) lie in the
current inclusion of fs(S), Eq. (18), as an element of the consti-
tutive equation, and the determination of S from solution of
Eq. (26). Fig. 1(a)±(c) show the development of ÿuv/k, k/k0,
and �/�0, as measured by Tavoularis and Corrsin and comput-
ed using the present model, standard high-Reynolds-number
k±� model, and a modi®ed k±� model. The subscript 0 here de-
notes conditions at the start of a computed simulation. The ex-
perimental data for ÿuv/k shown in Fig. 1(a) indicate that the
structural ratio is essentially constant over the period (or dis-
tance) considered. The present model is in good agreement
with the data, although the calculations indicate a slow de-
crease with time that is not apparent in the measurements.
The standard k±� model returns values of ÿuv/k which are con-
siderably higher than the measured values. A simple modi®ca-
tion to the k±� model is also examined in Fig. 1(a): in these
calculations Cl is halved to 0.045, all other aspects of the stan-
dard model being unchanged. The modi®cation produces
much closer agreement with data than does the standard mod-
el (in an earlier work Speziale and Mac Giolla Mhuiris (1989)
altered Cl to 0.055 in making comparison with the data of
Tavoularis and Corrsin). The development of turbulent kinetic
energy shown in Fig. 1(b) reveals the present model to be in
close agreement with data; the standard model is far too ener-
getic, and the `modi®ed standard' model produces values of k/
k0 only slightly greater than those of the data. Results for the
growth of the dissipation rate, Fig. 1(c), show broadly similar
behaviour, however, it is now the modi®ed k±� model that is in
best agreement with data. The present model slightly underpre-
dicts levels of �/�0 and this is re¯ected in the variation of (k/
�)oU/oy which is calculated to increase from 6.5 to 7.1 over
the range t� � 8.6±13.0 (cf. the measured values above). S,
which is related to (k/�)oU/oy via Eq. (26), is calculated to in-
crease from 30.3 to 38.0. The performance of the present mod-
el in simulating Tavoularis and Corrsin's experiments (and
those of Lee et al. below) is attributable to two factors: ®rstly,
the introduction of an additional `degree of freedom' in the
form of the strain parameter allows the initial state ÿ�uv=k�0
to be matched to data; secondly, the accurate performance
of the model at later times indicates that appropriate values
of fs(S) are generated by the equation set. In order to achieve
comparable accuracy using a high-Reynolds-number k±� mod-
el, the value of Cl has been tuned on a trial-and-error basis
(and halved in this case).

The study of Abe et al. (1997) includes a comparison with
the data of Tavoularis and Corrsin that is particularly perti-
nent to the present modelling approach. Abe et al. advanced
a re®nement of the Speziale (1987) non-linear turbulent viscos-
ity model using concepts associated with Reynolds stress trans-
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port models. Applied to the calculation of ÿuv in homoge-
neous ¯ow, the re®ned model incorporates a damping term
that is dependent on [(k/�)oU/oy]2. Abe et al. were able to show
that their approach led to a clear improvement in the calcula-
tion of Tavoularis and Corrsin's data.

The second set of homogeneous ¯ow data to be considered
is that of Lee et al. (1987) who generated DNS results for a
temporally-unsteady and spatially-homogeneous ¯ow. Dimen-
sionless time, t� is now equal to the total strain, t� � táoU/oy.
Comparison is made with the results of Lee et al. for t�P 4.
The DNS data used in the comparisons below are for a high
dimensionless strain rate: Lee et al. calculated that (k/�)oU/
oy rises from 21.6 to 35.0 over the course of the transient, giv-
ing values that are approximately 3±6 times larger than the
strain rates characterizing the experimental data of Tavoularis
and Corrsin (1981). The DNS data were generated for an ex-
tremely low Reynolds number ¯ow, Ret . 10 at t� � 4, and
the present model is now applied with the function fl(Ret) as
given by Eq. (19) included in Eq. (17). The standard k±� model
is extended to low-Reynolds-number form by inclusion of the
Launder and Sharma (1974) damping function:

fl � exp
ÿ3:4

�1� Ret=50�2
" #

: �27�

Flow development calculated using the present model and
the LS model is shown in Fig. 2(a)±(c) together with the
DNS data of Lee et al. The direct simulation data for ÿuv=k
show that the ratio decays over the time interval considered;
the behaviour is captured well by the present model, whereas
the LS model erroneously indicates increasing ÿuv=k. Turbu-
lent kinetic energy development shown in Fig. 2(b) indicates
that the present model returns values of k/k0 that are some-
what low, however the LS model shows a rate of growth of
k that is far too high. In Fig. 2(c) it is seen that both models
yield excessive rates of increase of �/�0 (with the performance
of the LS model being considerably worse than that of the
present model). It should, however, be recalled that e�ort in
the development of the strain parameter closure has been con-
centrated upon model elements other than the �-equation, and
it is well-known that the equation su�ers signi®cant weakness-
es, see for example Rodi and Mansour (1990). The inaccurate
computation of the dissipation rate again a�ects the variation

Fig. 1. Homogeneous ¯ow development at low dimensionless strain rate. (a) ÿuv=k; (b) k/k0; (c) �/�0. s Experimental data of Tavoularis and Corrsin

(1981); ±±±±± present model; - - - standard k±� model; ááááá k±� model with Cl � 0.045.
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of (k/�)oU/oy which is now calculated using the present model
to decrease from 21.6 at the start of the transient to 18.4 at t�

� 16; over the same interval S increases from 98.5 to 217.9.

3.2. Channel ¯ow results

The next data to be considered are the fully-developed
channel ¯ow DNS results of Kim et al. (1987) and Kim
(1990) (communicated to Rodi and Mansour, 1990 and Miche-
lassi et al., 1991). The DNS data of Kim et al. were generated
for a low Reynolds number ¯ow: Res�UsH/m� 180; the cor-
responding bulk Reynolds number, Re� 2UbH/m, is equal to
5600. Kim (1990) employed a higher Reynolds number,
Res� 395, or Re� 13750. The constants and functions of the
present model were tuned by reference to isothermal channel
and heated mixed convection ¯ows, and the results presented
below should therefore be viewed as those of a (partial) optimi-
zation of a generic model formulation. Eqs. (16)±(22) now ap-
ply, although in the fully-developed condition the only non-
zero strain rate is oU/oy. The wall boundary conditions on k
and ~� are k � ~� � 0 (Jones and Launder, 1972). A near wall

asymptotic analysis of Eq. (22) (with k � y2 and ~� � y in order
to balance Eqs. (20) and (21) to lowest order) indicates that
S � y2 and consequently the wall boundary condition S� 0
is applied. The turbulence model equations are solved in con-
junction with the momentum and continuity equations:

D�qU�
Dt

� ÿdp
dx
� o

oy
�l� lt�

oU
oy

� �
; �28�

oU
ox
� oV

oy
� 0: �29�

The zero gradient boundary condition is applied to all vari-
ables at the channel axis (except that V� 0). Numerical solu-
tion of the governing equations is obtained using a ®nite
volume/®nite di�erence method adapted from the parabolic
scheme of Leschziner (1982). An expanding grid of 100 control
volumes is employed and the wall-adjacent node is positioned
at y� . 0.25. The solution is started from approximate ¯ow
pro®les and is marched in the streamwise direction until a
fully-developed condition is attained.

Fig. 2. Homogeneous ¯ow development at high dimensionless strain rate: inclusion of viscous in¯uences. (a) ÿuv=k; (b) k/k0; (c) �/�0. s DNS data of

Lee et al. (1987); ±±±±± present model; - - - LS model.
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Comparison is made ®rst with a correlation for local fric-
tion coe�cient proposed by Dean (1978):

cf � sw

�1=2�qU 2
b

� 0:073 Reÿ0:25: �30�
Values of cf returned by the present and LS models at Re
� 5600 are 7.7 ´ 10ÿ3 and 7.3 ´ 10ÿ3, respectively. These val-
ues represent discrepancies of )8% and )13% with respect to
Eq. (30). The local friction coe�cient obtained by Lee et al.
was 8.2 ´ 10ÿ3, a value 2% lower than Dean's correlation.
Dean noted that the experimental data to which Eq. (30)
was ®tted showed some scatter (and also the equation is strictly
applicable only for Re > 6000). Thus, although the present
value of cf is somewhat lower than that calculated by Kim
et al. and the value returned by Eq. (30), it does appear to
be more accurate than the LS value. At the higher Reynolds
number of 13750 the present and LS models respectively calcu-
late cf to be 6.3 ´ 10ÿ3 and 5.8 ´ 10ÿ3 ()6% and )13% with
respect to Dean's correlation).

Turning next to the DNS ¯ow pro®le data of Kim et al.
(1987) for Res � 180 and the data of Kim (1990) for Res� 395,
Fig. 3(a) and (b) show velocity pro®les (with U� �U/Us) com-
puted using the present and LS models together with the DNS
data. Also shown is the `law of the wall' where the constants in
the semi-logarithmic expression are those speci®ed by Patel
and Head (1969):

U� � y�; �31�
U� � 5:45� 5:5 log10 y�: �32�
At both Reynolds numbers the present model is in better
agreement with the DNS data than is the LS model. The ver-
tical displacements of the velocity pro®les are consistent with
the results for local friction coe�cient discussed above.

Reynolds stress ÿuv� � ÿuv=U 2
s

ÿ �
and turbulent kinetic

energy (k� � k/U2
s) pro®les are shown in Figs. 4 and 5. The

present model is again considerably closer than the LS model
to the DNS data, and the improved resolution of the near-wall
peak in turbulent kinetic energy is particularly noticeable. Pro-
®les of the dissipation rate (�� � �m/U4

s) are shown in Fig. 6 (the
DNS data for Res � 180 are those of Mansour et al., 1988, de-
rived from the same database as the results of Lee et al.). The
present model is accurate for y�P 30, and shows an improve-
ment over the LS model in the wall-adjacent region. The fact
that neither model is highly accurate near the wall again re-
¯ects the highly approximate nature of the �-equation.

Distributions of the damping function, f are shown in
Fig. 7(a) and (b). In the present model f� flfs, Eqs. (18) and
(19); in the LS model f� fl, Eq. (27). As noted in Section 2.3,
the present expression for fl(Ret) rapidly asymptotes towards
unity (from a value of 0.7 at the wall). The variation of the
composite damping function is therefore almost entirely asso-
ciated with the contribution of fs(S). Comparison with DNS
data for Res� 180, Fig. 7(a), shows the present model to be
considerably closer to the data than the LS model. The present
model returns values of f somewhat lower than the DNS values
for y�P 40; it does, however, correctly show that f exceeds
unity away from the wall at the low bulk Reynolds number
of this case. The higher Reynolds number case, Res� 395,
Fig. 7(b), shows the present model to be in excellent agreement
with DNS data, although it should be noted that particular
emphasis was placed upon these data in the process of tuning
the model parameters.

Further examination of Fig. 7(a) and (b) yields information
on bulk Reynolds number e�ects. It is seen from the DNS data
that the increase in Reynolds number from Fig. 7(a) to

Fig. 4. Reynolds stress pro®les in channel ¯ow. (a) Res� 180; (b)

Res� 395. d DNS data of Kim et al. (1987) and of Kim (1990);

±±±±± present model; - - - LS model.

Fig. 3. Velocity pro®les in channel ¯ow. (a) Res� 180 (Re� 5600); (b)

Res� 395 (Re� 13750). d DNS data of Kim et al. (1987) and of Kim

(1990); ±±±±± present model; - - - LS model, ááááá Eqs. (31) and (32).

M.A. Cotton, J.O. Ismael / Int. J. Heat and Fluid Flow 19 (1998) 326±337 333



Fig. 7(b) is accompanied by a decrease in the level of the dam-
ping function. This trend is also clear in the present results, at
least for y�P 40. Such behaviour cannot, however, be re-
solved by a model with damping dependent solely upon turbu-
lent Reynolds number: Ret at given y� increases with bulk
Reynolds number, and assuming that f� fl(Ret) is an increas-
ing function, it follows that f at given y� also increases with
bulk Reynolds number.

3.3. Mixed convection results

The regime of `mixed' convection is said to occur in heated
¯ows where a forced convection (pressure gradient driven) ¯ow
is signi®cantly modi®ed by the action of buoyancy. Present in-
terest is centred on vertical uniformly-heated pipe ¯ows: mixed
convection conditions in such ¯ows arise where the Reynolds
number (Re � UbD/m) is relatively low and the Grashof num-
ber relatively high. In the case of ascending pipe ¯ow, the prin-
cipal e�ect of practical importance relates to a part of the
mixed convection region over which there occurs a reduction
in heat transfer levels (i.e. heat transfer coe�cient or Nusselt
number) to below 50% of the corresponding forced convection
value. Experimental and computational investigations of
mixed convection are reviewed by Petukhov and Polyakov
(1988) and Jackson et al. (1989). The latter authors quote a
`buoyancy parameter', Bo (originally developed by Hall and
Jackson, 1969) to characterize the extent of mixed convection
in¯uences:

Bo � Gr

Re3:425Pr0:8
: �33�

Variable property e�ects other than those associated with
buoyancy become signi®cant where the temperature variations

in a ¯ow are large. An appropriate dimensionless measure of
temperature variation is provided by the `heat loading param-
eter', q� (see for example Vilemas et al., 1992):

q� � _q
qUb cph

: �34�

In the present computations the k±�±S and LS turbulence
models are solved together with the continuity equation, the
momentum equation (including the body force term, )qg),
and the energy equation (in which turbulent Prandtl number
is set to 0.9). All equations are written in full variable proper-
ties form following Cotton and Kirwin (1995). Direct buoyant
production terms are omitted from the turbulence model equa-
tions (an approximation examined by Cotton and Jackson,
1990). The numerical procedures are based upon the same ®-
nite volume/®nite di�erence scheme as that used for the chan-
nel ¯ow calculations above. Full details of the governing mean
¯ow equations and the solution methodology are provided by
Kirwin (1995).

In the course of the present programme of research com-
parison was made with over 20 individual experimental test
cases. Here, in the interests of brevity, the results shown are re-
stricted to two carefully selected ascending air ¯ow cases of Vi-
lemas et al. (1992), as supplemented by the additional data of
PosÏkas (1991). The data are selected in two senses: ®rstly, the
two experimental runs were obtained for similar values of Bo,
but widely di�erent values of q�; secondly, the ®rst test case be-
low represents the worst performance of the present model
amongst all the test cases considered.

Fig. 5. Turbulent kinetic energy pro®les in channel ¯ow. (a) Res� 180;

(b) Res� 395. d DNS data of Kim et al. (1987) and of Kim (1990);

±±±±± present model; - - - LS model.

Fig. 6. Dissipation rate pro®les in channel ¯ow. (a) Res� 180; (b)

Res� 395. d DNS data of Mansour et al. (1988) and of Kim (1990);

±±±±± present model; - - - LS model.
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The Nusselt number data shown in Fig. 8(a) were obtained
for Re� 1.33 ´ 104, Pr� 0.71, and Gr� 2.41 ´ 108 at the start
of heating (corresponding to Bo� 2.4 ´ 10ÿ6 and
q� � 3.0 ´ 10ÿ4). Results obtained using the present and LS
models are also shown and it is apparent that, for this case
at least, the LS model is in much closer agreement with data.
The case is, however, exceptional, and is included here for
the sake of completeness in presenting results generated using
a new turbulence model.

The data shown in Fig. 8(b) were generated with initial con-
ditions Re� 1.96 ´ 104, Pr� 0.71, and Gr� 1.21 ´ 109

(Bo� 3.2 ´ 10ÿ6 and q� � 9.5 ´ 10ÿ4). Thus, the two sets of
measurements were obtained for similar values of the buoy-
ancy parameter (characteristic of signi®cantly reduced heat
transfer levels: constant property forced convection Nusselt
numbers at the Reynolds numbers of the tests might be expect-
ed to lie in the range Nu �35±50, cf. values as low as 15±20 in
Fig. 8(a) and (b)). The two cases are distinguished, however, in
terms of the heat loading parameter, variable property e�ects
being considerably more signi®cant in Fig. 8(b). It is seen that
the two turbulence models perform comparably against the da-
ta of Fig. 8(b), a result that is far more representative of the
complete mixed convection test series (full details are available
from the authors). Notwithstanding this last remark, it is the
case that scope remains for further tuning of the present model.

4. Concluding remarks

The physical grounds for the inclusion of a strain parame-
ter, S as an element of a relatively simple (3-equation) turbu-

lence model were presented in Section 2. Modi®cation of the
stress/rate-of-strain relation in the model from its `high-Rey-
nolds-number' form occurs primarily in response to variations
in S, with only limited dependence on the turbulent Reynolds
number, Ret.

In application to homogeneous ¯ows, the model has been
compared against the experimental data of Tavoularis and
Corrsin (1981) and the DNS results of Lee et al. (1987). Close
agreement is obtained with the lower strain rate case of
Tavoularis and Corrsin; while there are some discrepancies
with respect to the `rapid' case of Lee et al., it is demonstrated
nonetheless that the new model can resolve the temporal devel-
opment of homogeneous ¯ows with considerably greater accu-
racy than k±� schemes. The k±�±S model is seen to reproduce
the DNS channel ¯ow data of Kim et al. (1987) and Kim
(1990) more closely than does the widely-used low-Reynolds-
number k±� model of Launder and Sharma (1974). (It should,
however, be noted that channel ¯ows were the most important
`target' data in tuning the constants and functions of the pres-
ent model.) Particularly noticeable is the ability of the k±�±S
model to resolve Reynolds number e�ects apparent in the
DNS data for the damping function. In relation to buoy-
ancy-in¯uenced, or mixed convection ¯ows, while the full set
of model runs undertaken show the performance returned by
the present model to be similar to that of the Launder and
Sharma model, an isolated `unfavourable' case has been in-
cluded in Section 3. Work continues to evaluate the k±�±S
and alternative strain-parameter-based methodologies.

Fig. 8. Nusselt number developing in ascending mixed convection air

¯ow. (a) Re� 1.33 ´ 104, Gr� 2.41 ´ 108; (b) Re� 1.96 ´ 104,

Gr� 1.21 ´ 109. d Data of Vilemas et al. (1992); ±±±±± present model;

- - - LS model.

Fig. 7. Damping function pro®les in channel ¯ow. (a) Res� 180; (b)

Res� 395. d DNS data of Kim et al. (1987) and of Kim (1990);

±±±±± present model; - - - LS model.
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